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Here the following is proved: 
There exist two primary abelian groups K and L, each with no elements of 
infinite tight, such that K s L @L @ K, but K C$ L @ K. 
This theorem provides solutions to the following two “test problems” of 
Kaplansky [4]. (I) If G and H are each isomorphic to direct summands of the 
other, does it follow G s H? (II) If G @ G r H @ H, does it follow that 
G g H ? As a consequence of Ulm’s theorem, both questions have affirmative 
answers whenever G and H are countable primary abelian groups. The 
theorem above, however, shows that for uncountable primary groups the 
answers are negative. Thus if G = K and H = L @ K, then G and H are 
nonisomorphic primary groups with no elements of infinite height which 
satisfy the hypotheses of both (I) and (II). 
The theorem further demonstrates the impossibility of obtaining for 
uncountable primary abelian groups a complete set of cardinal invariants 
which, like the Ulm invariants, distribute with respect to direct sums. 
It should be noted that Jonsson [3] has shown that (II) fails for torsion- 
free abelian groups, and Sasiada [5], using the techniques of Jonsson, has 
shown that (I) fails for torsion-free groups. More recently, Corner [I] has 
proved the existence of two countable torsion-free abelian groups A and B 
such that AsB@B@A, but A&B@A. 
The proof of the theorem is based on a general existence lemma (Lemma 2.6 
below) which asserts the existence of a group that is admissible under a 
certain given collection of mappings but not admissible under any mapping 
in a given second collection. The desired example then follows by suitably 
choosing the collections of mappings. 
* This work was supported in part by NSF Grants G-17957 and GP-212. 
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I. PRELIMINARY 
Throughout the usual notation and terminology from the theory of abelian 
groups is used.l All groups considered will be primary abelian groups 
associated with a fixed but arbitrary prime p. If  G is any such group, and n 
is a positive integer, then the subgroups p”G and G[p”] are defined as usual by 
If .X$Z E I) is a family of elements in G, then the subgroup generated by 
these elements will be denoted by 
in particular, the cyclic subgroup generated by a single element x E G is 
denoted by [x]. The cardinality of a set X is denoted by / X 1. 
The height of an element x in a primary group G is defined to be the largest 
integer Y such that x ~prG, if a largest such Y exists, otherwise the height 
of x is infinity. The height of x will be denoted by 
Ht x. 
By a pure subgroup of a group G we mean a subgroup S such that 
S np”G -pnS for every n = 1,2, . . . . A subgroup B of G is called a basic 
subgroup if R has the following properties: (i) B is a direct sum of cyclic 
groups; (ii) B is a pure subgroup of G; (iii) G/B is divisible, i.e., 
p(G/B) = G/B. It is known that all primary groups have basic subgroups, 
and all the basic subgroups of a given group are isomorphic. The following 
technical lemma will be needed. 
(1 .l) Let G and H be primary groups with basic subgroups B and B’, 
respectively. 14hite 
B=B,@B,@B,@... and B’ = B,’ 0 B,’ @B,’ @ . . . . 
where, for each n = I, 2, . . . . B, and B,’ are direct sums of cyclic groups of 
ordeypn. If  h is an isomorphism of G onto H, and ifi for some n, h(B,[p]) C B,‘[p], 
then in fact h(B&]) = B,‘[p]. 
Proof. Pick any x’ E Bn’[p]. Then since h is height preserving, there is an 
element .X of height n - 1 such that h(x) = x’. Also, there is an element 
1 See, for example, Fuchs [2] or Kaplansky [4]. 
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y  E G[p] of height greater than n - 1 such that x - y  E B&l. Thus 
Lz(.x - y) = x’ - h(y), and hence 
h(y) = x’ - h(x - y), 
Now h(x - y) E B,‘[p], and therefore h(y) E B,‘cpI. But 
I&h(y) = my > n - 1, 
and this can occur only if h(y) = 0. S ince h is one-to-one, we conclude that 
y  = 0, and the lemma follows. 
A group G is said to have no elements of injinite height if every nonzero 
element in G has finite height. Thus G has no elements of infinite height if 
and only if n,p”G = 0. In such a group thep-adic topology can be introduced 
by taking as a neighborhood basis for 0 the subgroups pnG (n = 1,2, . ..). 
I f  G has no elements of infinite height, and if G has the property that any 
Cauchy sequence {x~}~<~ , for which the orders of the xL’s are uniformly 
bounded, converges to a limit in G, then G is called torsion-complete.2 
An explicit representation of torsion-complete groups can be given as 
follows. If  B, , B, , B, , . . . is a sequence of groups such that, for each n, 
B, is a direct sum of cyclic groups of order pn, then the torsion subgroup 
of the complete direct sum of the B,‘s is torsion-complete. Conversely, if G 
is any torsion-complete group, if B is any basic subgroup of G, and if 
B=B,@B2@B3@..., where, for each n, B, is a direct sum of cyclic 
groups of order pn , then G is isomorphic to the torsion subgroup of the 
complete direct sum of the groups B, , B, , B3 , . . . . 
The following lemma is well known and easily verified. 
(1.2) If B is a basic subgroup of a torsion-complete group C, and if f  is a 
homorphism of B into C, then f extends uniquely to an endomorphism of C. 
For the remainder of this section, let C be a fixed but arbitrary torsion- 
complete group, and let B be a fixed basic subgroup of C. Write 
B=B,@B,@B,@..+, (1) 
where, for each n = 1, 2, . . . . B, is a direct sum of cyclic groups of order ~3”. 
I f  x is any element in C, then x is the limit of a unique Cauchy sequence of 
the form 
Xl 7 Xl + x2 , Xl + x2 + x3, a**, 
where the orders of the x,‘s are uniformly bounded, and, for each n, x, E B, . 
2 Cf. Fuchs [2], p. 114, and Kaplansky [4], p. 54. Fuchs calls these groups closed; 
we follow the terminology of Kaplansky. 
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The element x, is called the n-component of x. And the set of those positive 
integers n for which the n-component of x is nonzero will be denoted by J(x), 
J(x) -= {n ~ x, # O}. 
Note that the n-component of an element s and the set J(x) depend on the 
particular basic subgroup B and decomposition (1). In the sequel, however, 
when these terms are used, the particular basic subgroup and decomposition 
to which they refer will be clear from the context. The following simple 
properties of components will be used repeatedly; the first four are listed 
without proof. 
(I .3) If  x E C, then x -= 0 if and on/y if J(x) = 0. 
(I .4) If  x, y  E C, then the n-component ofx -(- y  is x, + Y,~ , where x,, undy, 
aye the n-components of x and y, respectively; in particular, 
(1.5) If  x E C[p], then Ht x := n -~ 1, where n is the smallest integer in J(x). 
(1.6) Let I be a set of positive integers, and let 4 be an endomorphism of C 
such that $(Bn) C B, for each n E I. I f  x E C is such that J(x) C I, then, for 
every integer n, the n-component of C(x) is just (b(xJ, where x, in the n-component 
of x; in pavticulur, J(~(x)) C J(x). 
(1.7) If x1 , x2 , x3 , . . . is a sequence of elements in C with bounded orders 
and strictly increasing heights, and if x is the limit of the Cauchy sequence 
then 
Xl 9 Xl + x2, x1 -I- x2 + x3 , . . . . 
Proof. Since the heights of the xi’s are strictly increasing, for each i, 
xi is the limit of a Cauchy sequence 
%,7 , xi,i + Xi,%1 , xi.i + %,i+1 + %,i+z 7 . ..> 
where x,,~ E Bj for every i and j. The lemma now follows from the observation 
that x is the limit of the Cauchy sequence 
%1 P %.l + (~1.2 + x2,2), 
x1.1 + (Xl.2 + x2,2) + (%3 + x2.3 + x3,3), *** * 
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This section closes with a final definition. Two elements x, y  E C are said 
to have disjoint components if J(x) n J(y) = 0. 
2. THE BASIC LEMMA 
The following hypotheses will stand throughout this section. C is a Jixed 
torsion-complete group with countable basic subgroups. B is aJixed basic subgroup 
of C, and 
B=B,@B,@B,@**., 
where, for each n = 1,2, . . . . B, is a direct sum of cyclic groups of order p*. 
Q, is a countable subring of the ring of all endomorphisms of C, and ~‘6 is a set 
of height preserving isomorphisms of C into C, subject to the following 
conditions : 
(A) @ contains the identity endomorphism. 
(B) For every 4 E @ and every n, $(B,) C B, . 
(C) If 4 E CD, and if, for some n, qS(B&]) = 0, then there exists (CI E @ 
such that q5 =p#. 
(D) For every n, every 4 E @ and every h E X’, there exists x E B&l such 
that d(x) f  h(x). 
The components of an element in C will be taken with respect to the 
basic subgroup B and its given decomposition. For every subset X C C the 
subset @[Xl is defined by 
@Lq = {4(x> I4 E @> x E XI; 
if X consists of a single element x, then @[Xl will be written @[xl. Note that 
for every x E C, @[xl is a subgroup of C which contains x. Moreover, if 
x E Clp], then @[xl C C&l. 
An endomorphism 4 E 0 has height p if 4 = p# for some t,L E @. It follows 
from (C) that 4 has height p if and only if +(B,Jp]) = 0 for some n. 
An element x is defined to be a strong element if x E C[p], and if, for any 
+ E @, 4(x) = 0 implies that 4 has height p. 
(2.1) If I is an infinite set of positive integers, then there exists a strong 
element z such that J(z) = I. 
Proof. Write I = (n, , na , ns , . ..}. where n, < nz < n3 < ..-. Write the 
endomorphisms of 0 which do not have height p in a sequence +i, #s, $s, . . . . 
For each i pick zi E B,@] such that 
h(4 f  0. (2) 
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Let x be the limit of the Cauchy sequence 
If 4 E @, then 4(z) is the limit of the Cauchy sequence 
and, for each i, +(,zi) is the n,-component of 4(z). I f  4 does not have height p, 
then 4 = & for some i, and it follows from (2) that the n,-component of 4(z) 
is nonzero. Hence C(s) # 0. 
(2.2) If x, y  E C[p], if x is a strong element, and if x and y  have disjoint 
components, then x f  y  is a strong element. 
Proof. I f  4 E @ does not have height p, then 4(x) f  0, and hence there is 
some n such that $(x,J f  0, where x, is the n-component of x. But then 
x, # 0, and this implies that the n-component of y  is 0. Consequently the 
n-component of 4(x + y) is 4(xn) w ic h’ h . is nonzero. Thus $(x + y) f  0. 
(2.3) For each h E .T there exists a set S, C C[p] such that 
(i) IS,] =2Ko; 
(ii) each element of S, is strong; 
(iii) for each x E S, and each 4 E @, +(x) # h(x); 
(iv) fey each pair of distinct elements x, y  E S, , x - y  is strong; 
(v) for each pair of distinct elements x, y  E Sk and each 4 E @, 
9(x -Y) + 4x -Y> # 0. 
PYOOf. We consider two cases. 
Case 1. There is an infinite set I of positive integers such that 
W&l) $ &LPI, for all n E I. 
For each n E 1 pick an element u, E &[p] such that 
Then since h is height preserving, for each n ~1 there exists an element 
V, E B&I such that 
Ht(h(u,) - v,) > n - l(=Ht h(u,) = Ht uJ. 
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Set 
r, - 1 = Ht(h(u,) - z&J. 
Then r, is the smallest integer in ](h(u,)) - (PZ}. By replacing I by a suitable 
subset, if necessary, we may assume that m > Y,, whenever n, m E I and m > n. 
In particular, 
In(r,InEI}=0 (3) 
Break I up into an infinite number of infinite, pairwise disjoint subsets 
For each i = 1,2, . . . . let xi be a strong element such that 
J(q) = Ii . 
Write I, = {n, , n2 , n, , . ..}. 
We now define inductively a sequence x1 , xa , xa , . . . of strong elements 
having the following properties for each i = 1,2, . . . . 
(4 x1 , . . . . xi have pairwise disjoint components, and there is an integer Nt 
such that 
JW u -a- u J(q) C 4 u --a u INi u {n, , . . . . nNi}; 
(b) there is an integer si such that, for any + E CD, h(xJ +4(x$) has a 
nonzero SC-component; 
(4 Ht xi > s~-~ (if i > 1). 
I f  J(h(z,)) Z I, set x1 = zr + u,~; if J(h(z,)) $I, set x1 = x1. If  x1 = x1 + un, , 
then as J(K4) G 4 J(+(s,)) = h} C 4 J(d(4) G I(4 C 4 and ml 6 1 
by (3), it follows that 
4%) + +(x1) = 4%) + 44LJ + de4 + Nhz1) 
has a nonzero r,l-component for any 4 E CD. In this case we take sr = rnl . 
I f  x1 = x1, then J(h(z,)) $1, and taking s, to be any element of J(h(z,)) - I, 
it follows that h(x,) + +(x1) = h(z,) + +(zr) has a nonzero s,-component for 
any 4 E @, since J(c#(x~)) CI. I nasmuch as J(xl) = I1 and J(un,) C I,, the 
the elements z, and u,,, have disjoint components, and therefore x1 is a strong 
element by (2.2). 
Suppose now that strong elements x, , . . . . xfi have been constructed such 
that (a)-(c) hold for each i = 1, . . . . k. Let m be the smallest integer such that 
m > Nk and 
Htz, >sk, 
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and let y  be the smallest integer such that 9 \ jVJc and 
Ht u,<, b- Ht x,,, 
Again, if J(h(z,,,)) C I, set sk+i L z,,, + u,, ; if J(h(z,,)) $1, set sk+i = z,,, . 
Then just as above it follows that there is ‘an integer sA+r such that, for any 
(b E @, h(x,,,~,) + (f(~~~,i) has a nonzero s,,.+,-component, and that xlc,i is 
strong. Moreover, since Ht m,,, = Ht z,,! I sk , condition (c) holds for 
i -A- k + I. Finally, as /(zJ -= I,,, , J(u~,) == {n,], and m, n, > N,? , we 
conclude that (a) also holds for i = k + 1. Thus the existence of a sequence 
.x1 , x1 ) x3 ) . . . of strong elements satisfying (a)-(c) follows by induction. 
Xow let A be the set of all functions defined on the positive integers to 
(0, I]. For each 6 E A, let .zlg be the limit of the Cauchy sequence 
ql)“%, S( 1).x, + 8(2)X% , SC 11x1 -t 6(2)x, I- 6(3).2~ ) . . . . 
Suppose 6 and E are distinct elements of A. Let t bc the first integer at 
which they differe, say S(t) =m 1, ~(2) = 0. Then x8 ~~ .yF is the limit of the 
Cauchy sequence 
xt 1 ,1’1 + a,x,, 1 , ,Z’t i- apxt,~I i- a$‘t’t, 2 , . ..) 
where a, = S(t + ;) --- c(t + i). I f  w is the limit of the Cauchy sequence 
%%fl P $X,+1 i- apqi.2 , a,“q+, + a$t-+2 ;- a3xt+J ) . ..( (4) 
then x8 - X, : ,vt + W, and by (a) and (1.7), “vt and w have disjoint compo- 
nents. Hence, by (2.2), xg - X, == xt + ru is a strong element. Let 4 be any 
element in @. Since by (c) each term of the sequence (4) has height greater 
than s1 , it follows that Ht ZL’ I:- st , and therefore Ht (h(w) + (b(w)) > st . 
Thus the s,-component of h(w) + d(w) is 0, and consequently, by con- 
dition (b), 
has a nonzero s,-component. Hence h(x, - x,) + $(x8 - xc) f  0. 
I f  E = 0, then X, -= 0. Therefore applying the above results to xg , for any 
nonzero S E A, and x, with E = 0, we obtain that x8 = x8 - x, is a strong 
element, and for any 4 E @, 
-qq%) + h(Q) = -d(% - xc) + h(% ~ x,) f  0. 
Thus the set S,& = {x6 ~ S E A, 6 f  0} has the required properties. 
Case 2. There is an infinite set I of positive integers such that 
WWPI) c ezCP1 for all n E I. (5) 
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Break I up into an infinite number of infinite, pairwise disjoint subsets, 
and arrange them into two infinite sequences 
I1 , I, , 13 , . . . , II’, I,‘, Is’, . . . . 
For each i = 1, 2, . . . . let zi be a strong element such that 
J(.q) = I,‘. 
Write @ = {4r, +a, &, . . . }, and, for each i, write Ii = {ni,r , ni,a , ni,a , . ..} 
where ni,r < ni,2 < ni,3 < *a*. For each i andj pick an element uiej E I& ,[p] 
such that 
4%) + 4&4,i) f  0. (6) 
Such a z+~ clearly exists by (D). Let ui be the limit of the Cauchy sequence 
%l T  %,l + ui.2 !  %,I + %,2 + %,3 , *** * 
Then all the elements ur , u2 , us , . . . have pairwise disjoint components, in 
in fact J(Q = Ii. We may assume that the sets Ii , Ii’ (i = 1, 2, . ..) are 
numbered in such a way that Ht zi > Ht .zi and Ht ui > Ht uj whenever i > j. 
Now set 
xi = ui + zi (i = 1, 2, . ..). 
Since ui and zi have disjoint components, xi is strong for each i. Moreover, 
the heights of the elements x1 , x2 , xa , . . . are strictly increasing, and all of 
these elements have pairwise disjoint components. 
Again let d be the set of all functions on the positive integers to (0, l}. 
For each 6 E d, let x8 be the limit of the Cauchy sequence 
W)Xl 9 ql)xl + qw, , W)Xl + S(2)% + 6(3)x,, *** f  
Suppose 6 and E are distinct elements of A, differing first at an integer t, 
with say S(t) = 1, c(t) = 0. Then x8 - x, is the limit of the Cauchy sequence 
xt 9 xt + %Xt+,, xt + atxt+l + azxt+2, . . . . 
where ai = S(t + i) - c(t + i), and if w is the limit of the Cauchy sequence 
alxt+l , Q1%+1 + U2%+2 9 alxt+l + a$t+2 + @3xt+3 , . . . . 
then xt and w have disjoint components, and hence xs - x, = xt + w is a 
strong element. Pick any 4 E @, say 4 = & . By (1.6), (5), and (B), if v  is any 
element with J(w) _C I, then for every integer II, the n-component of 
h(v) + $(TJ) is h(et,) + $(z),J, where V, is the n-component of et. Consequently 
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h(u,) + $(z+) has a nonzero n,,i-component by (6). Since ut and .zt have 
disjoint components, h(x,) + ~(xJ = h(u,) + (~(uJ + h(z,) -k #(zt) has a 
non-zero n,,j-component, and since .yt and w have disjoint components, 
h(% - x,) + c&k + xc) = 44 + +4 - (h(w) + 4(4> 
has a nonzero n,,,-component. Thus h(x, - x,) +4(x8 - x,) f  0. We 
conclude that the set S, = {x8 1 8 E d, 6 f  0} has the desired properties in 
this case. 
(2.4) For each h E ,J? there exists a set Th C C[p] of strong elements such 
that / T,& 1 =: 2Ho, and for any two distinct elements x, y  E Th , 
ti) @@I -F- VW1 + @[YI + P(y)1 = @I31 0 [4x)1 0 @[yl 0 [h(y)]. 
Proof. I f  x E S,, , then by (2.3) (iii) th e subgroup generated by the union 
of @[XI and [h(x)] is the direct sum 
Let Th be a maximal subset of S,, such that (i) holds for all distinct X, y  E Th . 
T,L is then nonempty. Suppose j Th 1 < 2H~. Then for every x E Sh - Th 
there exists $a , (bi E @, x0 E Th , and integers a, and a, such that 
v&(q,) + a&(x,) = h@) + a&(x) f  0. 
Since there are 2H~ elements in Sh - T,& , less than 2N~ elements in Th , and 
only countably many endomorphims in @, it follows that for some pair of 
distinct elements X, y  E S, - Th there exists an endomorphism 6, E di and an 
integer a such that 
Consequently 
$44 + 44 = 44~) + ah(y) f  0. (7) 
4(x -y) + ah(x -y) =O. 
If  a = 0 (mod p), then ~#J(.x - y) = 0, and therefore 4(x) = 4(y) = 0 since 
x - y  is a strong element. This implies that d(x) + ah(x) = 0, contrary 
to (7). Thus a + 0 (mod p), and there exists an integer b such that ba E 1 
(mod p). Therefore 
b$(x-y)+h(x-y)=O, 
and since b+ E @, this is impossible by (2.4) (v). Hence j Th / = 2N~. 
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(2.5) If H is a pure subgroup of C such that H 2 B and @[HI G H, and zf x 
is a strong element such that H n @[xl = 0, then there exists a pure subgroup 
H’ of C such that H’ 2 H, @[H’] LZ H’, / H’ 1 = 1 H I, and 
H’Cp] = H@] @ @[xl. 
Proof. Since H is pure and C/B is divisible, H/B is divisible, and therefore 
there exists a sequence of elements x,, = x, x1 , xs , . . . in C such that x, has 
order pn+r and 
Set 
px, = x,-, (mod B) for each n = 1,2, . . . . 
Then it is clear that H’ 2 H, 1 H’ 1 = 1 H /, and @[H’] C H’. To show that 
H’,J$] = HLp] @ @[xl, we will prove the following: if y  E H, &, , . . . . +K E @, 
and 
ffu =Y +40(x) + -** +~k(Xk)~qPl, 
then there exists z E HP] and 4 E @ such that w = z + 4(x). The proof is 
by induction on K. When k = 0, the statement is trivial. Suppose that 
n > 0, and that the statement is true for k = 12 - 1. Let y  E H and 
4 ,, , . . . . +n E @ be such that 
w = y + 40(x) + -*- + L(xn-1) + A&%> E H’cpl- 
Then since each xi has orderpifr, we obtain that 
P”W = PnY + dn(P”%J = 0. 
But pnx, = x (mod B), and therefore there is an element b E B such that 
pnx, = x + b. And since $n(b) E B _C H, it follows that 
Mx) = -P”Y - Mb) E H. 
Hence &(x) = 0. Since x is a strong element, there exists an endomorphism 
I/ E @ such that +n = P/I. Consequently 
w = Y + M4 + *** + h&n-1) + Pt4%) 
= (Y + VW) + M4 + *** + CAL-1 + WG \ 
where b’ E B is such that px, = xn-r + b’. Therefore, since y  + #(b’) E H, 
the desired result follows by induction. 
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It remains to show that H’ is a pure subgroup of C. Pick any J t H’[p]. 
Then z =- y  -+ 4(x) where y  E ZQ] and $ E @. Since H/B is a pure subgroup 
of C/B and hence a divisible subgroup, it follows that there is a sequence 
y. _ y, y1 , y2 , . . . t ZZ such that p’yri ~z y  (mod K). ‘I%x, since ,/9’i$(,x) d(l) 
(mod 3 
P’YY?? -I- (b(s,,)) ==: x (mod B) for each ?-?=I7 ( ..,, ..I . 
Hence every element in H’/B of order p has infinite height in HI/B, and 
therefore Iir’/N is a divisible subgroup of C,‘B. This implies that 11’ is ;I 
pure subgroup of C. 
We now have the following basic Iemma. 
(2.6) h!WMA. There exists a pure subgroup h’ of C, with k- 2 B, such 
that @[K] i: K, and h(K) $ K.for aZ1 h E .x’. 
Proof. Let D be the smallest ordinal whose cardinality is ; .iyj /. Since 
each isomorphism in 3” is determined by its action on B, and since 
I R 1 = N,, and / C ! = 2*0, we have that / 3? j < 2Q. Let 
be a one-to one correspondence between the isomorphisms in .Z and the 
ordi lals a: < fz. 
We now construct inductively a pure subgroup K, and an element x* E C[p], 
for o( -: a, satisfying the following conditions: 
(i) k’, Z, K, 3 3 for all a: > 8. 
(ii) .T~ E ATa , and xW f  0. 
(iii) sP[KJ 2 k’, . 
(iv) I K I < I 01 I % . 
(v) K n [h&,4 I P < 4 = 0. 
Suppose that K@ and xfi have been constructed for all j3 < 01. Set 
Then it follows from (v) that 
and it follows from {iv} that 
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Since there are 2No pairwise disjoint subgroups of the form 
@[xl 0 vL641 XE Th,, 
there exists an element X, E Th such that 
PL%l 0 P&i~ K’ 0 P&,) I B < 4 = 0. (8) 
In particular, the subgroup K,” generated by the union of @[xJ, K,’ and 
[h,(x& j /I < CX] is the direct sum 
Since x, is a strong element, it follows by (2.5) that there exists a pure 
subgroup K, of C, with K, 2 K,‘, such that @[Km] C K,, 1 K, 1 = I K,’ j, and 
K&l = K’LPI 0 @[sl. 
Consequently, K, n [h&x& I /3 < a] = 0, and K, and X, satisfy (i)-(v). 
Having the pure subgroups K, (a < 9) and the elements X, (a < Q), 
define the subgroup K by 
K= u K,. 
CX<R 
Then K is pure, K 2 B, and clearly @[K] C K. Furthermore, by (v) it 
follows that 
K n [h&J 1 a < 521 = 0. 
Hence h(K) $ K f  or all h E 2. The proof of the basic lemma is therefore 
complete. 
3. THE MAIN THEOREM 
To complete the proof of the theorem, the group C, the ring of endo- 
morphisms @, and the set of isomorphisms # will now be made specific. 
For the remainder of the section, let C be a fixed torsion-complete group 
whose basic subgroups are isomorphic to 
Let B be a fixed basic subgroup of C, with 
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and 
where for each n = 1, 2, . . . and i = 0, 1, 2, .,., b,,i has order pi”. 
Define the endomorphisms TT s, r1 , p, V, @ on C by the following rules 
(see (I .2)). 
~~bz,d = 1 0 if ;<l, b,,$-, if J>l* 
Let @ be the subring of the ring of all endomorphism of C generated by 
~a, 7~~ , p, v and 8. 
Notice that the following relations hold in dj: 
Consequently every element of @ is a sum of endomorphisms of the form _* 
apbd t*> 
where a, 6, c are integers, b, c, ZS 0, and E E (I, 8, &r, , Bv, , ~-a , rrr). Moreover, 
it is clear that Cp is countable, I E @, and, for each 71 = I, 2, . . . and each 
sbf@P, 
WL) c &I * 
If we set 
m2 = p, 
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Note that ri(C) (; = 0, 1) is that subgroup of C consisting of those elements 
which are limits of Cauchy sequences from the subgroup 
and rrz(C) consists of those elements which are limits of Cauchy sequences 
from the subgroup pa(B). 
Define X’ to be the set of all height preserving isomorphims h of C 
into rr(C) @ Z-~(C) such that the following condition is satisfied for each 
n = 1, 2, . . . . 
It remains to show that conditions (C) and (D) hold for @ and S. For 
notational convenience, during the next four lemmas 71 will be a fixed but 
arbitrary positive integer; set 
and 
xi = pn-lbnsi (i = 0, 1, 2, . ..). 
P = B,[p] = [x0 , x1 ) x2 , . ..I. 
(3.1) Ifcj E @, and $qxJ = 0 for all i = 0, 1,2, . ..) then $iS has height p. 
Proof. Among all the representations of a nonzero endomorphism 4 E @ 
as a sum of endomorphisms of type (*), there is one with the least number of 
summands; the number of summands in this representation is called the 
rank of 4. The proof of (3.1) is by induction on the rank +. 
If  4 has rank 1, i.e. if 4 = a$~ where a, b, c are integers, b, c, > 0, 
and EE{~,~,&~,&T,, n,, , 7r1>, then either 4(x.& or &+r) is one of the 
elements axza or uxsb+r , depending on the value of E. Under any circum- 
stances, if +(xJ = 0 for all i, then a = 0 (mod p), so that the conclusion 
of (3.1) holds in this case. 
Let @a be the subring of @ generated by 1 and CL. The elements of @,, are 
then sums of nonnegative powers of CL. 
Now suppose an endomorphism 4 E @ of rank greater than 1 is such that 
#(xi) = 0 for all i, and suppose that (3.1) holds for all endomorphisms of 
rank less than that of 4. Then there are endomorphisms 
and # E @, and a positive integer c such that 
c = o. + olmo + 0~73 + a3e + a4eno + a5e?rl + $6 
481 - 3 
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and such that the rank4 is the sum of the ranks of the vi’s and #. Furthermore, 
by subtracting a suitable endomorphism in @ of height p from 4, we may 
assume that each of the oi’s has the form 
0” + u,p ~ ... -t- U,.$~ (9) 
where the aj’s are integers such that 0 -< aj r:. p. 
I f  each of the ui’s is zero, then (b tJ/, and since V” maps pc(P) one-to-one 
onto P, it follows that $(xJ = 0 for all i. In this case, + has height p if 4 has 
height p. Consequently if c is picked to bem aximal, i.e., if I$ # $‘vc+l for 
every +’ E @, then by replacing 4 by 4, if necessary, we may assume that at 
least one of the cri’s is nonzero. 
Now 
and 
gx”) ~== uo(xo) + 0,(X”) -1 u&q) + u&J = 0, 
qqq) = uo(xl) T u&) -~ u3(so) + u&co) :L 0. 
But for any endomorphism u t DO, say 0 == u,, /- a,~ 4~ ... m:m a,~‘, 
Consequently 
Since each of the ui’s has the form (9), it follows that u1 -= u2 and uq = u5 , 
and that there exist 70 , 71 E @,, such that u0 + u1 7-y p7,, and u3 + o4 = PT~ . 
Therefore 
And inasmuch as the rank of JIv”~’ ~- U+ is necessarily less than the rank 
of 4, and (#v~P’ ~ ulp)(xi) = 0 f  or all i, we conclude that + must have 
height p. 
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Let @r be the subring of @ generated by TV and V. @i then consists of those 
endomorphisms which are sums of endomorphisms of the form pLavb, where a, 
b are nonnegative integers. 
(3.2) For each 4 E Q1 there exists an integer m such that one of the following 
conditions holds: 
(i) #(xi) E [x0 , . . . . xi] for every i >, m. 
(ii) There is an integer r > 0 and an integer b, + 0 (mod p) such that, 
fw each i > m, 
4(Xi) = Yi + bi+w 
where yi E [x0 , . . . . Xi+zr--2]. 
Proof. The restriction of pbb to [xZb , xab+i , xabf2, . ..I is equal to the 
restriction of paPb to this subgroup if a >, b, and it is equal to the restriction 
of vb--a to this subgroup if a < 6. Consequently, for q5 E @i , there is an 
integer m such that the restriction of 4 to [x, , x,+i , x,+a , . ..] is equal to 
the restriction to this subgroup of the endomorphism 
C$ = a,, + a,v ... + a/ + blp .** + blpz, 
where the ai’s and hi’s are nonnegative integers not exceeding p - 1. I f  all 
the bj’s are zerp, then (i) holds. If  at least one of the bj’s is nonzero, then (ii) 
holds. 
(3.3) For every 4 E @ there exists c$’ E Q1 such that +(x5) = q%‘(xi) for all but 
a jinite number of i. 
Proof. Suppose first that 4 has the form 
apb6vC where E E P, %l 7 f% , no ,4. (10) 
Then +(xi) = 0 for all i except, possibly, i = 2c and i = 2c + 1. The lemma 
now follows from the observation that any element of @ is a sum of finitely 
many elements of the form (10) and an element of @r . 
(3.4) For every 4 E CD and every h ~2, there exists x E P such that 
5w f  h(x)* 
Proof. I f  h(P) $ P, then the lemma is obvious. We may suppose then 
that 
h(P) = 4’) 0 +=) = [x1 , x2 , ~3 , . ..I. 
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Thus to prove the lemma in this case it suffices to show that there 
is no element of @ which maps P one-to-one onto [x1, xp , x3, . ..I. 
It is convenient to consider P as a vector space over the integers modulo p, 
and the endomorphisms in @ as linear transformations of P. 
Let ~6 be any element of 4. Applying (3.3) and (3.2) to 4, it follows that 
there exists an integer m such that either 
(1) +(.yi) E [.x” , . . . . .x~] for all i > m, 
or 
(2) there is an integer I > 0 and an integer b,. + 0 (mod p) such that, 
for each i -2 m, 
&(s;) = y, i- brx; 1~2, 
where yi E [.Q , . . . . 1c. .-%I. I lLL, 
Suppose (1) holds. Then by picking m sufficiently large we may assume that 
But if 4(P) C [‘ri , x2, sa , . ..I. then 4 maps [x0, . . . . XJ into [xi , . . . . x,,J, 
and as [x0, . . . . x,] is (m + I)-dimensional and [xi , . . . . x,J is m-dimensional, 
it follows that 4 is not one-to-one. 
Suppose (2) holds. Then by picking m sufficiently large we may assume 
that 
&i) E [X” > . . . . -%+2,-J for all i --- 0, . . . . m ~ 1. 
Suppose + maps P onto [xi , x2, xa , . ..I. Then if 1 < i < m i- 1, there are 
integers a,, . . . . ut , with a, & 0 (modp), such that 
s, = a,~(x,) + ... + a,l#J(x,). 
I f  t ;: ~2, then 
xi L a,&,) + ... + %l$q%l) + y + %~,Xt+*, (11) 
where y  E [x,, , . . . . x~+~~J, and since xi , +(x0), . . . . $(xtPl) E [x0 , . . . . ~~+~~-i], 
(11) implies that ~~~~~ E [x,, , . . . . ~~+~~+i], an impossibility. Hence t < m, and 
we conclude that 
[x1  .. . . .%,+J c [4(x0), . . . .9(%dl~ 
But this is impossible since the subspace on the left is (m + I)-dimensional, 
while the subspace on the right is at most m-dimensional. Hence if (2) holds, 
then 4 cannot map P onto [x1 , x2 , x3 , . ..I. 
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THEOREM. There exist two primary abelian groups K and L, each with no 
elements of in$nite height, such that KG L @L @ K, but K * L @ K. 
Proof. It follows from the preceding results of this section and (2.6) that 
there exists a pure subgroup K of C, with K 2 B, such that @[K] _C K, and 
h(K) $ K for all h E 2. Then 
K = dK) 0 T(K) 0 n,(K). 
The restriction of B to r,,(K) is an isomorphism of n,,(K) into r,(K), 0 
restricted to rl(K) is an isomorphism of nl(K) into r&K), and O2 restricted 
to either of them is the identity mapping. Therefore 
T,(K) E m,(K). 
The restriction of p to K is an isomorphism of K into rr2(K), and pv restricted 
to v2(K) is the identity, so that 
Thus if we set QT~(K) = L, then 
KrL@L@K. 
Suppose K g L @ K. Then there is an isomorphism 5 of K onto 
rl(K) @ rr2(K). If h is the extension of K to C, then it follows by (1.1) 
that h E .X, and therefore 
h(K) = h(K) $ K, 
a contradiction. Thus K $ L @ K, and the proof is complete. 
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